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Abstract
We give a new metrization theorem on terms of a new structure introduced by the authors in [Rend.
Instit. Mat. Univ. Trieste 30 (1999) 21–30] and called fractal structure. This allows us to approach
some classical and new metrization theorems (due to Nagata, Smirnov, Moore, Arhangel’skii, Frink,
Borges, Hung, Morita, Fletcher, Lindgren, Williams, Collins, Roscoe, Reed, Rudin, Hanai, Stone,
Burke, Engelking and Lutzer) from a new point of view.  2002 Elsevier Science B.V. All rights
reserved.
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1. Introduction
Metrization is, from the beginnings of General Topology, one of the most important
fields in it, and still is. There are many metrization theorems in the literature. Although the
thesis is always the same, the hypotheses to ensure metrizability are very different from
one metrization theorem to another. Moreover, not only the proofs are very different, but
there is no easy way to deduce one metrization theorem from another one, too.
On the other hand, looking for a generalization of symbolic self-similar sets outside
compact metric spaces, we developed in [2] the concept of GF-space (or generalized fractal
space) and we find that it is a common framework for the study of self-similar sets (the most
important class of fractals, and the importance of fractals nowadays needs no emphasis)
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and non-archimedeanly quasimetrizable spaces. In that paper we introduced GF-spaces
and we use them to characterize non-archimedeanly quasimetrizable spaces in several
ways (including some relations with inverse limits of partially ordered sets). And non-
archimedeanly quasimetrizable spaces are the starting point in our study of metrizability.
In this paper we find a new metrization theorem that is like crossroads: many metrization
theorems (due to Fletcher, Lindgren, Nagata, Moore, Arhangel’skii, Frink, Borges, Hung,
Morita, Williams, Collins, Roscoe, Reed and Rudin) prove it; and some metrization
theorems (due to Nagata, Smirnov, Morita, Hanai, Stone, Burke, Engelking and Lutzer) can
be proved with it, so one can obtain Nagata–Smirnov’s metrization theorem from Moore’s
metrization theorem using our theorem as an intermediate step, for example. In that sense
(new structure, new relations) we find a new approach to metrizability.
The outline of the paper is as follows. In Section 2 we introduce all the relevant
information about GF-spaces (definitions and some useful results), quasi-uniformities,
quasimetrics and certain kind of coverings. Section 3 is devoted to 13 different ways to
get our metrization theorem from classical metrization results. Finally, Section 4 gives
some classical results that can be obtained from our result.
2. GF-spaces
In order to obtain our metrization theorem, we need to develop the theory of GF-spaces,
started in [2] by the authors; our metrization theorem characterizes metrizability in terms
of certain conditions over the so called “fractal structure” that a topological space may
have.
Now, we recall some definitions and introduce some notations that will be useful in this
paper.













(since Γn is a covering) which will be also noted by Uxn if there is no doubt about the
family. We also denote by St(x,Γ )= {St(x,Γn): n ∈N} and Ux = {Uxn: n ∈N}.
A (base B of a) quasi-uniformity U on a set X is a (base B of a) filter U of binary
relations (called entourages) on X such that (a) each element of U contains the diagonal
∆X of X ×X and (b) for any U ∈ U there is V ∈ U satisfying V ◦ V ⊆ U . A base B of
a quasi-uniformity is called transitive if B ◦ B = B for all B ∈ B. The theory of quasi-
uniform spaces is covered in [10].
If U is a quasi-uniformity on X, then so is U−1 = {U−1: U ∈ U}, where U−1 =
{(y, x): (x, y) ∈ U}. The generated uniformity on X is denoted by U∗. A base is given
by the entourages U∗ =U ∩U−1. The topology τ (U) induced by the quasi-uniformity U
F.G. Arenas, M.A. Sánchez-Granero / Topology and its Applications 123 (2002) 15–26 17
is that in which the sets U(x)= {y ∈X: (x, y) ∈U}, where U ∈ U , forms a neighborhood
base for each x ∈ X. We can also consider the topology τ (U−1) induced by the inverse
quasi-uniformity. In this paper, we consider only spaces where τ (U) is T0.
A quasipseudometric on a set X is a nonnegative real-valued function d on X×X such
that for all x, y, z ∈X:
(i) d(x, x)= 0, and
(ii) d(x, y) d(x, z)+ d(z, y).
If in addition d satisfies the condition:
(iii) d(x, y)= 0 iff x = y ,
then d is called a quasi-metric. A non-archimedean quasipseudometric is a quasipseudo-
metric that verifies d(x, y)max{d(x, z), d(z, y)} for all x, y, z ∈X.
Each quasipseudometric d on X generates a quasi-uniformity Ud on X which has as
a base the family of sets of the form {(x, y) ∈ X × X: d(x, y) < 2−n}, n ∈ N. Then the
topology τ (Ud) induced by Ud , will be denoted simply by τ (d).
A space (X, τ) is said to be (non-archimedeanly) quasipseudometrizable if there is a
(non-archimedean) quasipseudometric d on X such that τ = τ (d).
Let Γ be a covering of X. Γ is said to be locally finite if for all x ∈ X there exists a
neighbourhood of x which meets only a finite number of element of Γ . Γ is said to be a
tiling, if all elements of Γ are regularly closed and they have disjoint interiors (see [1]).
We say that Γ is quasi-disjoint if A◦ ∩B = ∅ or A∩B◦ = ∅ holds for all A = B ∈ Γ . Note
that if Γ is a tiling, then it is quasi-disjoint.
Definition 2.1. Let X be a topological space. A pre-fractal structure over X is a family
of coverings Γ = {Γn: n ∈ N} such that Ux is an open neighbourhood base of x for
all x ∈X.
Furthermore, if Γn is a closed covering and for all n, Γn+1 is a refinement of Γn, such
that for all x ∈An, with An ∈ Γn, there is An+1 ∈ Γn+1: x ∈An+1 ⊆ An, we will say that
Γ is a fractal structure over X.
If Γ is a (pre-) fractal structure over X, we will say that (X,Γ ) is a generalized (pre-)
fractal space or simply a (pre-) GF-space. If there is no doubt about Γ , then we will say
that X is a (pre-) GF-space.
If Γ is a fractal structure over X, and St(x,Γ ) is a neighbourhood base of x for all
x ∈X, we will call (X,Γ ) a starbase GF-space.
If Γn has the property P for all n ∈ N, and Γ is a fractal structure over X, we will say
that Γ is a fractal structure over X with the property P, and that X is a GF-space with the
property P. For example, if Γn is locally finite for all natural number n, and Γ is a fractal
structure over X, we will say that Γ is a locally finite fractal structure over X, and that
(X,Γ ) is a locally finite GF-space.
Call Un = {(x, y) ∈X×X: y ∈Uxn}, U−1xn =U−1n (x) and U−1x = {U−1xn : n ∈N}.
The following proposition is proved in [2, Proposition 3.2], though we state here with
the proof.
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Proposition 2.2. Let X be a pre-GF-space. Then U−1xn =
⋂
x∈An An.
Proof. y ∈ U−1xn if and only if x ∈ Uyn. Now, if x ∈ An then y ∈ An (since x ∈ Uyn =
X \⋃y /∈An An). ✷
Proposition 2.3. Let Γ be a pre-fractal structure over X. Then Γn is closure-preserving
for each natural number n. Moreover, An is closed for all An ∈ Γn and for all n ∈N.
Proof. Let x ∈⋃λ∈ΛAλn. Then Uxn ∩
⋃
λ∈ΛAλn is nonempty, so there exists λ ∈ Λ and
y ∈ Aλn such that y ∈ Uxn ∩ Aλn, but then x ∈ U−1yn =
⋂
y∈An An, and hence x ∈ Aλn.
Therefore
⋃
λ∈ΛAλn is closed. ✷
Let Γ be a pre-fractal structure, we define fs(Γ ) = {fs(Γn): n ∈ N}, where fs(Γn) =
{⋂in Ai : Ai ∈ Γi} and we call it the fractalization of the pre-fractal structure Γ .
Proposition 2.4. Let Γ be a pre-fractal structure over a topological space X. Then fs(Γ )
is a fractal structure over X. If Γ is starbase (respectively locally finite, finite) then so is
fs(Γ ).
Proof. Let x ∈X, and n ∈N. Since Γi is a covering for all i  n, then there exists Ai ∈ Γi
such that x ∈Ai with i  n. Then it is clear that x ∈⋂in Ai and
⋂
in Ai ∈ fs(Γn), and
hence fs(Γn) is a closed (by Proposition 2.3) covering.
Let x ∈X, n ∈N, and let y ∈ Uxn (where we denote Uxn = U fs(Γ )xn ). Since⋂in UΓyi is
an open neighbourhood of y , then there exists m  n such that Uym ⊆⋂in UΓyi . Let us
prove that UΓym ⊆ Uxn. Let z ∈ UΓym, and let Bn ∈ fs(Γn) such that z ∈ Bn. Suppose that
Bn =⋂in Ai . Then, since y ∈ (UΓzi )−1 =
⋂
Ci∈Γi ;z∈Ci Ci for all i  n, then it holds that
y ∈ Ai for all i  n. Then y ∈ Bn and since x ∈ U−1yn =
⋂
Cn∈fs(Γn);y∈Cn Cn, then x ∈ Bn.
Therefore x ∈⋂Cn∈fs(Γn);z∈Cn Cn = U−1zn and hence z ∈ Uxn, and then Uxn is open for all
x ∈X and n ∈N.
Now, we prove that Uxn ⊆ UΓxn for all x ∈ X and n ∈ N. Let x ∈X and n ∈ N, and let
y ∈Uxn. Let An ∈ Γn be such that y ∈An, and let Ai ∈ Γi be such that y ∈Ai with i < n.
Then y ∈⋂in Ai , and
⋂
in Ai ∈ fs(Γn), and since x ∈ U−1yn =
⋂
Bn∈fs(Γn);y∈Bn Bn, then
x ∈⋂in Ai ⊆An. Therefore x ∈
⋂
An∈Γn;y∈Γn An = (UΓyn)−1, and hence y ∈ UΓxn.
Therefore fs(Γ ) is a pre-fractal structure.
Let Bn ∈ fs(Γn) and let x ∈ Bn. Suppose that Bn = ⋂in Ai (with Ai ∈ Γi ). Let
An+1 ∈ Γn+1 be such that x ∈ An+1, and let Bn+1 = Bn ∩ An+1 ∈ fs(Γn+1). Then it is
clear that x ∈Bn+1 ⊆ Bn, and hence fs(Γ ) is a fractal structure.
Suppose that Γ is starbase. Then, since fs(Γn) is a refinement of Γn, it is clear that
St(x, fs(Γn))⊆ St(x,Γn), and hence fs(Γ ) is starbase.
It is easy to check that if Γ is locally finite or finite, then so is fs(Γ ). ✷
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3. Metrization I
The next two results relate the local symmetry of quasi-uniformities and quasimetrics
with the starbaseness of fractal structures.
Proposition 3.1. Let X be a starbase pre-GF-space. Then {Un} is base of a locally
symmetric transitive quasi-uniformity for X.
Proof. It is proved in [2, Proposition 3.5] that it is a transitive base of quasi-uniformity
over X. Now, we will see that it is a locally symmetric one.
Given x ∈X and n a natural number, let m be such that St(x,Γm)⊆ Uxn. Now, we are
going to see that U−1m (Um(x))⊆Un(x).
To see this, let y ∈ U−1m (Um(x)), then there exists z ∈ X such that x, y ∈ U−1zm . Let
Am ∈ Γm be such that z ∈ Am; then, since x, y ∈ U−1zm =
⋂
z∈Bm Bm, we have that
x, y ∈ Am, what means y ∈ St(x,Γm) ⊆ Uxn, and hence (x, y) ∈ Un. Therefore {Un} is
locally symmetric. ✷
Corollary 3.2. Let X be a starbase pre-GF-space. Then X admits a locally symmetric
quasimetric.
Proof. It follows from [10, Lemma 1.5] and Proposition 3.1. ✷
Now it comes the first part of our metrization theorem. First, we will state two lemmas.
Lemma 3.3. Let Γ be a pre-fractal structure over X, and let x, y ∈X and n ∈N be such
that Uxn ∩Uyn = ∅. Then y ∈ St(x,Γn).
Proof. Let z ∈ Uxn ∩ Uyn, and let An ∈ Γn such that z, x ∈ An (note this is possible
since z ∈ Uxn ⊆ St(x,Γn)). Since y ∈ U−1zn =
⋂
z∈Bn Bn, then y ∈ An and hence y ∈
St(x,Γn). ✷
Lemma 3.4. Let Γ be a starbase fractal structure over X, K be a compact subset of
X and F be a closed subset of X disjoint from K . Then there exists n ∈ N such that
St(K,Γn)∩F = ∅.
Proof. Since K is compact, there exist xi ∈ K and ni ∈ N, i = 1, . . . , k, such that
K ⊆⋃ki=1Uxini ⊆X \F . Let n=max{n1, . . . , nk}.
Now, since Γ is starbase, for each x ∈ K there exists mx ∈ N such that St(x,Γmx ) ⊆
Uxn. Since K is compact, there exists yi ∈K with i = 1, . . . , l such that K ⊆⋃li=1 Uyimi ,
with mi =myi . Let m=max{m1, . . . ,ml}.
Let us show first that St(K,Γm) ⊆ Un(K) (note that St(K,Γm) = ⋃Am∩K =∅ Am =⋃
x∈K St(x,Γm) and Un(K)=
⋃
x∈K Uxn).
Let z ∈ St(x,Γm), with x ∈K . Since K ⊆⋃li=1 Uyimi , there exists j ∈ {1, . . . , l} such
that x ∈ Uyjmj . Since z ∈ St(x,Γm) ⊆ St(x,Γmj ), then there exists Amj ∈ Γmj such that
20 F.G. Arenas, M.A. Sánchez-Granero / Topology and its Applications 123 (2002) 15–26
z, x ∈ Amj and since yj ∈ U−1xmj =
⋂
x∈Bmj Bmj ⊆ Amj , then z, yj ∈ Amj and hence
z ∈ St(yj ,Γmj )⊆Uyjn. Therefore z ∈Un(K).
Now we prove that Un(K)⊆⋃ki=1 Uxini .
Let y ∈ Un(K), then there exists x ∈ K such that y ∈ Uxn. Since x ∈ K and K ⊆⋃n
i=1Uxini , then there exists i ∈ {1, . . . , n} such that x ∈ Uxini . Since y ∈ Uxn ⊆ Uxni ,
we have that y ∈Uni ◦Uni (xi)=Uni (xi). Therefore y ∈
⋃k
i=1 Uxini .
Then K ⊆ St(K,Γm)⊆Un(K)⊆⋃ki=1Uxini ⊆X \F , which proves the lemma. ✷
Theorem 3.5. Let X be a starbase pre-GF-space. Then X is metrizable.
Proof. We can prove Theorem 3.5 in many different ways (Note that by using Proposi-
tion 2.4 we can suppose that Γ is a starbase fractal structure over X.):
(1) X admits a locally symmetric quasi-metric by Corollary 3.2, and then we apply [10,
Theorem 2.32].
(2) We can take the family Gn = {Uxn: x ∈ X}. For a starbase pre-GF-space X, this
family is a strong development, so we can apply Moore’s metrization theorem.
In order to see it, let x ∈ X and let m ∈ N, then there exists n  m such that
St(x,Γn) ⊆ Uxm. Let us see that St(Uxn,Gn) ⊆ Uxm. Let y ∈ St(Uxn,Gn) =⋃
Uxn∩Uzn =∅Uzn, then there exists z ∈ X such that y ∈ Uzn and Uxn ∩ Uzn = ∅
and hence by Lemma 3.3 z ∈ St(x,Γn)⊆Uxm. Then y ∈Uzn ⊆Uxm.
(3) We can take Vn = {Uxn: x ∈X} as a locally starring family for all open coverings
of X, and apply Arhangel’skii’s Theorem (see, for example, [13, Theorem 1.6]).
The proof is analogous to the previous item.
(4) Another way is to take Bn(x)= St(x,Γn), and B ′n(x)=Uxn in [9, Example 5.4.F]
(see also Nagata’s paper [19]).
Let us prove it.
(a) The families {Int(Bn(x))} and {Int(B ′n(x))} are clearly both bases at x , since
{Bn(x): n ∈N} and {B ′n(x): n ∈N} are neighborhood bases of x for all x ∈X.
(b) Let y /∈ Bn(x) and suppose that there exists x ∈X such that B ′n(x)∩B ′n(y)=
∅, then y ∈ St(x,Γn) by Lemma 3.3, which is a contradiction with the fact that
y /∈Bn(x).
(c) Let y ∈ B ′n(x), that is, y ∈ Uxn. Then Uyn ⊆ Uxn, what means that B ′n(y) ⊆
B ′n(x).
(5) We can take Bi (x)= Uxi in [9, Example 5.4.C] (see also Frink’s paper [11]).
Let x ∈ X and i ∈ N, and let j  i be such that St(x,Γj ) ⊆ Uxi , and let y ∈ Y
such that Uxj ∩ Uyj = ∅. Then, by Lemma 3.3, y ∈ St(x,Γj ) ⊆ Uxi , and hence
Uyi ⊆Uxi .
(6) We can take g(n, x) = St(x,Γn) as the g-function (n.n.o.) in Theorem 7.1.2 (see
Nagata’s paper [19]) of [17].
Let x ∈ X and let P be an open neighborhood of x , and let n ∈ N be such that
St(x,Γn)⊆ P , then it is clear that x /∈ Cl(⋃y∈X\P St(y,Γn)), since Γn is closure-




x /∈An An =X \Uxn,
and so [17, Theorem 7.1.2(i)] holds.
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Let Y be a subset of X. It is clear that Y ⊆⋃y∈Y St(y,Γn) = St(Y,Γn), since⋃
y∈Y St(y,Γn) is closed (because Γn is closure preserving by Proposition 2.3).
Then [17, Theorem 7.1.2(ii)] holds.
(7) We can take g(n, x)= St(x,Γn) as the g-function (n.n.o.) in Corollary 7.1.3 (see
Borges’ paper [4]) of [17].
[17, Corollary 7.1.3(i)] follows as above, and [17, Corollary 7.1.3(ii)] follows from
the fact that Γn is closure preserving by Proposition 2.3.
(8) We can take g(n, x)= St(x,Γn) as the g-function (n.n.o.) in [17, Corollary 7.1.4].
[17, Corollary 7.1.4(i)] follows from the above. Let y ∈ St(x,Γn), then it is clear
that x ∈ St(y,Γn).
(9) We can take ψ(x,A) = inf{ 12n : St(x,Γn) ∩ A = ∅} (inf∅ = 1) in Hung’s
metrization theorem (see [14, Theorem 1]) for all x ∈X and for all A closed in X.
ψ(x,A)= 0 if and only if St(x,Γn) ∩A = ∅ for all natural, and this is equivalent
to the fact that x ∈A (by Lemma 3.4). Therefore ψ is an annihilator.
Let us show thatψ is monotone. Let A⊆ B , then it is clear that if St(x,Γn)∩A = ∅
then St(x,Γn)∩B = ∅, and so ψ(x,B)ψ(x,A), and ψ is monotone.
Let us prove that ψ is lower semi-continuous. Let A closed in X and r ∈ R+,
and let U = {x ∈ X: ψ(x,A) > r}. Let x ∈ X, and let n ∈ N be such that
St(x,Γn) ∩ A = ∅ and St(x,Γn−1) ∩ A = ∅ (n = 1 if St(x,Γ1) ∩ A = ∅). Since
St(Uxn,Γn)= St(x,Γn), then St(Uxn,Γn) ∩ A= ∅. Then Uxn ⊆ U and hence U
is open. Therefore ψ is lower semi-continuous.
Let us prove (i) of [14, Theorem 1]. Let a ∈X, and let r > 0. Let n ∈ N such that
1
2n < r , and let x ∈ Uan, then a ∈ St(x,Γn), and henceψ(x, a) 12n < r . Therefore
ψ(., a) is continuous in a, and hence (i) of [14, Theorem 1] follows.
Let us prove (ii) of [14, Theorem 1]. Let δ > 0, and let a ∈ X. Let n ∈ N be
such that 12n < δ. Then Cl({x ∈X: ψ(a, x) > δ})⊆ Cl({x ∈X: x /∈ St(a,Γn)})=
Cl(X \St(a,Γn))⊆X \Uan, and hence, since it is clear that a /∈X \Uan, it follows
that a /∈ Cl({x ∈X: ψ(a, x) > δ}), and (ii) of [14, Theorem 1] follows.
Therefore we can apply [14, Theorem 1].
(10) We can take Un = {Uxn: x ∈ X} in Morita ‘Double-Star’ metrization theorem
(see [16] and [6]).
Let x ∈ X and let n ∈ N, and let m  k  n be such that St(x,Γm) ⊆ Uxk ⊆
St(x,Γk)⊆Uxn. Let y ∈ St(St(x,Um),Um), then there exist z, t ∈X such that y ∈
Uzm, x ∈ Utm and there exists s ∈ Uzm∩Utm. Then t ∈ St(x,Γm)⊆Uxk , and hence
s ∈ Utm ⊆ Utk ⊆ Uxk , and since s ∈ Uzm ⊆ Uzk then we have that s ∈ Uzk ∩ Uxk
and hence z ∈ St(x,Γk) ⊆ Uxn by Lemma 3.3. Finally y ∈ Uzm ⊆ Uzn ⊆ Uxn.
Therefore St(St(x,Um),Um) ⊆ Uxn and hence {St(St(x,Um),Um): n ∈ N} is a
neighborhood base at x for all x ∈X.
(11) We can take Un(x)= St(x,Γn) in order to get a local uniformity (with a countable
base), and then we can apply Williams’ metrization theorem (see [21]).
It is clear that U−1n = Un. Let x ∈ X and n ∈ N, and let m  k  n such that
St(x,Γm)⊆ Uxk ⊆ St(x,Γk)⊆ Uxn. Then St(St(x,Γm),Γm)⊆ Uxn, and hence it
is clear that Um ◦ Um(x)⊆ Un(x), and therefore Un is a local uniformity for X.
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(12) We can take W(n,x)= St(x,Γn) in Collins–Roscoe’s metrization theorem (see [8]
and [6]).
Let x ∈X and n ∈N, and let m> n be such that St(St(x,Γm),Γm)⊆Uxn (as in the
previous items). Let s =m and r =m+1, and let y ∈W(r, x)= St(x,Γm+1), then
it is clear that x ∈ St(x,Γm) = W(s, x). Since y ∈ St(x,Γm), then St(y,Γm) ⊆
St(St(x,Γm),Γm) ⊆ Uxn ⊆ St(x,Γn), that is, W(s, y) ⊆ W(n,x). Then we can
apply Collins–Roscoe’s metrization theorem.
(13) We can take W(n,x)= St(x,Γn) in Collins, Reed, Roscoe and Rudin’s metrization
theorem (see [7] and [12]).
In order to use Collins, Reed, Roscoe and Rudin’s metrization theorem, let x ∈X
and n ∈ N, and let m  n be such that St(St(x,Γm),Γm) ⊆ Uxn (as in the
previous item). Let V =Uxm, and let y ∈ V , then y ∈ Uxm ⊆ St(x,Γm), and hence
x ∈ St(y,Γm) ⊆ St(St(x,Γm),Γm) ⊆ Uxn, then x ∈W(m,y)⊆ Uxn. Therefore it
holds open decreasing (G). ✷
4. Metrization II
Now we are looking for a converse of Theorem 3.5.
Theorem 4.1. Let X be a metrizable space. Then there exists a locally finite starbase
fractal structure over X.
Proof. Let Vn be the uniformity base of the open balls of radius 12n .
{V1(x): x ∈X} is an open cover of X. Then there is a locally finite refinement by closed
sets Γ1 because X is a paracompact space. Moreover, we have that Ux1 is open, since Γ1
is locally finite.
Now V2(x) is an open cover of X. Then there is a locally finite refinement by closed
sets Γ ′2. Let Γ2 = {A∩B: B ∈ Γ1, A ∈ Γ ′2} \ {∅}. Clearly, it is a cover by closed sets. Now,
we are going to prove that Γ2 is locally finite.
Let x ∈X. Then there exists a neighborhood U of x such that U meets a finite number
of members of Γ1 and Γ ′2. If U meets A ∩ B ∈ Γ2 then U meets A and B , and so there
are only a finite number of members from Γ2 which meet U . Therefore Γ2 is locally
finite.
The construction of Γn by induction is now clear.
By construction is clear that Γn+1 ≺ Γn and if x ∈An, with An ∈ Γn then since Γ ′n+1 is
a covering, there exists Bn+1 ∈ Γ ′n+1 such that x ∈ Bn+1. Now let An+1 = An ∩ Bn+1 ∈
Γn+1. Then x ∈An+1 ⊆An.
Let’s see that St(x,Γ ) is a neighborhood base.
Given a natural number m, let m1 be such that Vm1 ◦ V −1m1 ⊆ Vm. Then St(x,Γm1) ⊆⋃
i∈F Vm1(yi) with F finite and for some yi , because Γm1 is locally finite and Am1 ⊆
Vm1(y) for some y .
Let z ∈ St(x,Γm1); then there exists yj such that z ∈ Vm1(yj ), and since x ∈ Vm1(yj ), we
have that z ∈ Vm1 ◦V −1m1 (x)⊆ Vm(x). Therefore St(x,Γm1)⊆ Vm(x) and Γ is starbase. ✷
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And now, we have our main result: a metrization theorem in terms of fractal structures
which links some metrization theorems to other ones.
Theorem 4.2. Let X be a topological space. The following statements are equivalent:
(1) X is metrizable.
(2) There exists a starbase pre-fractal structure over X.
Proof. (1) implies (2) by Theorem 4.1. (2) implies (1) by Theorem 3.5. ✷
Remark 4.3. Note that in [16], Morita proves that a topological space is metrizable if and
only if there exists a locally finite starbase pre-fractal structure over it, so our theorem is a
direct generalization of this result (of course, Morita does not use our notation).
As a corollary of Morita’s metrization theorem (that is, of Theorem 4.2) we have the
following.
Corollary 4.4 (Hanai–Morita–Stone Theorem). For every closed mapping f :X→ Y of
a metrizable space X onto a space Y the following conditions are equivalent:
(1) The space Y is metrizable.
(2) The space Y is first countable.
(3) For every y ∈ Y , the set Bd(f−1(y)) is compact.
Proof. See [9, Example 5.4.D.b] (see also [15,20]). ✷
The following definition is in a setting more general than the one we really need, but we
include it here, since it requires the same effort.
Definition 4.5. Let Γ = {Aλ: λ ∈ Λ} be a covering of a topological space X. For each
nonempty w ⊆ Λ we define Aw = Cl(⋂λ∈w Aλ \ (
⋃
λ/∈w Aλ)). We denote by qdi(Γ ) =
{Aw: w ∈ P(Λ)} \ {∅}, and called it the quasi-disjointification of Γ .
The notation qdi(Γ ) is due to the fact that qdi(Γ ) is quasi-disjoint (see [3]). It is proved
in [3] that if Γ is a covering then so is qdi(Γ ) and if Γ is a locally finite closed covering
then so is qdi(Γ ).
Our metrization theorem allow us to prove the Nagata–Smirnov metrization one in a
way different from the standard one.
Corollary 4.6. Let X be a T3 space with a σ -locally finite base. Then X is metrizable.
Proof. Let B =⋃n∈NBn a base for X with Bn a locally finite covering (Note that we can
suppose the σ -locally finite base is a covering, by adding X to each Bn.)
Let Cn = {Bn: Bn ∈ Bn}. We are going to see that {qdi(Cn): n ∈ N} is a locally finite
starbase pre-fractal structure over X.
Now we prove that {St(x,qdi(Cn)): n ∈N} is a neighborhood base of x for all x ∈X.
24 F.G. Arenas, M.A. Sánchez-Granero / Topology and its Applications 123 (2002) 15–26
Let x ∈ X. Since Uxn is open (because Cn is locally finite), and Uxn ⊆ St(x,qdi(Cn)),
then St(x,qdi(Cn)) is a neighborhood of x . Now, let U be a neighbourhood of x , then
there exists a natural number n and Bn ∈ Bn such that x ∈ Bn ⊆ U . Let Aµn = Bn (where
we are using the notations of the Definition 4.5), then it is clear that x ∈ (Aµn )◦. Now,
if x ∈ Awn then µ ∈ w (suppose that µ /∈ w, since x ∈ Awn ⊆
⋂
λ∈w Aλn \ (
⋃
λ/∈w Aλn)◦ ⊆⋂
λ∈w Aλn \ (Aµn )◦ and hence x /∈ (Aµn )◦, which contradicts that x ∈ (Aµn )◦). Therefore,




n ⊆ Aµn what proves that qdi(Cn)
is a starbase pre-fractal structure over X. Therefore, by Theorem 4.2, we have that X is
metrizable. ✷
In fact, we can prove the following theorem, due to Burke et al. in [5].
Lemma 4.7. Let Γ be a closure-preserving covering of a first countable space X. Then
U
qdi(Γ )
x is open for all x ∈X.
Proof. Let x ∈ X, and n ∈ N, and let us show that ⋃x /∈Aw Aw is closed (where we are
using notations of Definition 4.5).
To see it, let y ∈⋃x /∈Aw Aw , and let {Un} be a neighborhood base of y with Un+1 ⊆Un
(note that X is first countable). Then it is clear that for each n ∈ N there exists wn ⊆ Λn
(where Λn is such that Γn = {Aλn: λ ∈Λn}) with x /∈Awn such that Un ∩Awn = ∅.
Now, it is clear that we can construct a sequence (λn) with λn ∈Λn ∪ {∅} by recursion,
such that λ1 ∈ w1 and λn ∈ wn \ {λ1, . . . , λn−1} if wn \ {λ1, . . . , λn−1} = ∅ and λn = ∅ if
wn \ {λ1, . . . , λn−1} = ∅.
If there exists n0 ∈ N such that λn = ∅ for all n  n0, then we have that Un ∩
(
⋃
w⊆{λ1,...,λn}; x /∈Aw A
w) = ∅ for all n ∈N, and since the union is a finite union of closed
sets, it follows that y ∈⋃w⊆{λ1,...,λn};x /∈Aw Aw , and then y ∈
⋃
x /∈Aw Aw.
If there is no such natural, then there exists a sequence (λin ), constructed by omitting
from (λn) those λn = ∅, such that λin = ∅ for all n ∈ N. It is also clear that then
y ∈⋃n∈NAwin . Let Bwin =
⋂
λ∈win A
λ \ (⋃λ/∈win Aλ), whence Awin = Cl(Bwin ). Since
Bwin ⊆ Aλin (note that λin ∈ win ), and λin = λim for all n = m, and Γ is hereditarily
closure-preserving, then the family {Bwin : n ∈N} is closure-preserving and then the family
{Awin = Cl(Bwin ): n ∈N} is also closure-preserving, and so y ∈⋃n∈NAwin ⊆
⋃
x /∈Aw Aw .
In both cases y ∈⋃x /∈Aw Aw . Therefore
⋃
x /∈Aw Aw is closed for all x ∈ X, or what is
the same, Uqdi(Γ )x is open for all x ∈X. ✷
Corollary 4.8. Let X be a T3 space with a σ -hereditarily closure preserving base. Then
X is metrizable.
Proof. Let B =⋃n∈NBn be a base for X with Bn being a hereditarily closure-preserving
covering (Note that we can suppose that the σ -hereditarily closure preserving base is a
covering, since we can add X to each Bn.)
Let us prove that Γ = {qdi(Bn): n ∈N} is a (locally finite) starbase pre-fractal structure
over X.
F.G. Arenas, M.A. Sánchez-Granero / Topology and its Applications 123 (2002) 15–26 25
First, note that X is first countable, since a hereditarily closure-preserving covering is
point-finite, as can be easily checked (see, for example, [22, Proposition 1]), and then it is
clear that each point x ∈ X has a countable neighbourhood base, by taking the countable
family {Bn: x ∈ Bn, n ∈N}.
By Lemma 4.7, we only have to check that St(x,Γ ) is a neighbourhood base of x for
all x ∈ X, and this can be done as in the last paragraph of Nagata–Smirnov’s Theorem
(Corollary 4.6).
Let x ∈ X, since Uxn is open by Lemma 4.7, and Uxn ⊆ St(x,Γn), then St(x,Γn) is a
neighbourhood of x . Now, let U be a neighbourhood of x , then there exist a natural number
n and Bn ∈ Bn such that x ∈ Bn ⊆ Bn ⊆ U . Let Aµn = Bn (where we are using notation
from Definition 4.5), then it is clear that x ∈ (Aµn )◦. Now, if x ∈Awn then µ ∈w (to see it,
suppose that µ /∈ w, since x ∈ Awn ⊆ X \ (
⋃
λ/∈w Aλn)◦ ⊆X \ (Aµn )◦ then x /∈ (Aµn )◦, what
is a contradiction with the fact that x ∈ (Aµn )◦). Therefore, since Awn ⊆ Cl(Aµn ) if µ ∈ w,
we have that St(x,Γn)=⋃x∈Awn Awn ⊆ Cl(A
µ
n ) ⊆ U , and then Γ is a starbase pre-fractal
structure over X.
Therefore, by Theorem 4.2, it follows that X is metrizable. ✷
Let d be a non-archimedean quasimetric, and let Vn = {(x, y) ∈X×X: d(x, y) < 2−n}.
If we define Γn = {V−1n (x): x ∈ X}, then we have that Γ is a fractal structure over X.
Furthermore, Un = Vn for all n ∈ N. We call this fractal structure, the fractal structure
associated to d , and note it by Γ d . For a deeper study of the relation between GF-spaces
and non-archimedeanly quasimetrizable spaces, see [2].
Proposition 4.9. Let Γ be a fractal structure over X and let d be the associated
quasimetric. Then d is locally symmetric if and only if Γ d is starbase.
Proof. If Γ d is starbase, then d is locally symmetric by Proposition 3.1 (note that
Bd(x,
1
2n )= BdΓ d (x, 12n )). Conversely, suppose that d is locally symmetric, and let n ∈N
and x ∈ X, then there exists m ∈ N such that U−1m (Um(x)) ⊆ Uxn. But then if x ∈ U−1ym ,
then y ∈ Uxm, and hence U−1m (y)⊆ U−1m (Um(x))⊆ Uxn. Therefore St(x,Γ dm)⊆ Uxn and
Γ d is starbase. ✷
As a corollary we obtain another theorem that can be used to prove Theorem 3.5 (see
the first proof of that theorem) and that can be deduced from it (see next result).
Corollary 4.10. Let X be a topological space. Then X is metrizable if and only if there
exists a locally symmetric non-archimedean quasimetric d on X.
Proof. It is clear from Theorem 4.2 that if X is metrizable then it admits a starbase fractal
structure, and hence, the non-archimedean quasimetric associated to it is locally symmetric
by Proposition 4.9.
Conversely, let d be a locally symmetric non-archimedean quasimetric on X, then
the fractal structure associated to d is starbase by Proposition 4.9, and hence (X,d) is
metrizable by Theorem 4.2. ✷
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